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Proof of Trickle-Down

1 Recall

1. Generating polynomial: g,(A) = > gc () #(S) [ Lues Aus Where A = (Ar, -+, An). Tilt: (ux A)(S) =
QM%A)M(S) Hues Au-

2. (u* A)(S) are 1-Spectral Independent (SI) <= g, is log-concave <= V?logg,|» < 0 for any .

3. pis C-SI <= Cov,(1s) =< Cdiag(Els) <= Xo(Prok) = Aa(Pre) < £

2 Two untight bounds

(4 is a prob. measure on <[Z]), S~ p, S ={uy, - ,ux}. We establish two untight bounds for Covariance:

Bound 1. Cov(lg) < &E[diag(Els\ul | uq)]
Proof. By law of total variance:
Cov,(1g) = E[Cov(1lgs | u1)] + Cov(E[Lg | u1])

write 1g = Lg\u, + Ly, then Cov(lg | u1) = Cov(ls\y, | u1) = CdiagE(Lg\y, | v1). By variational
characteristics Var(Ui i f) = Aa(Presk) Var(f), then

Cov(E(Lg | u1)) = Cov(Uiskls) = A2Cov(lg)
and hence
Cov,(ls) X EC diag E(Lg\y, | u1) + A2Cov(lg)

thus

Cov(lg) = E[diag(ELg\y, | u1)]

C
1=y
Bound 2. Cov(lg) < C ([ — %) diag(ELg) < _ %)

Proof. Note that C-SI <= Cov(lg) < C'diag(Elg). 17Cov(15)1 = Var(151s) = 0; and 17C diag(Els)1 =

CY, (i € S) = Ck, then
(I _ E) Cov(Ls) <1 _ ﬂ) — Cov(Ls)

n n

and hence

Cov(ls) = C (1 - 171@) diag(Els) (1 - E)

n

is a tighter bound. O



3 Trickle-Down

Lemma 1 (Key Lemma). p is a prob. measure on ([Z}),S ~ u, pis C-SI <= Cov(lg) = C -
(diag(ELs) — (ELs)(ELs)").

Proof. since fTCov(1g)f = Var(1§f) = Var(}_, ¢ f(i)), then
Var(y_ f(0) = ¥ (f, (P = 1m)f),,
B B Py — (mf)?) = (%)
note piy = 1Dy 1, (i) = (i € S), Py = zu(j € S|i € 9), (dlag(pn)P)y = pu(i € S,j € 5), and
(dia(0) (P — 1))y = 25 (nli € 5.5 € §) — uli € Sty € 9))
since f = f —Ef + Ef, then

(f,Pf), = (Ef,PEf), +{(f —Ef,P(f —Ef)),,
< (Ef,PEf),, + Ao(P){(f —Ef,f —Ef),,
= (1= 2)(EN+ Ma(P)(f. ],

then
(%) = K*((f, Pr) — (uf)?)
<KL = M) (ES)? + X (f, ), — (Ef)?)
= kX ((f, f),, — M(Ef)?)
T : 1 T
=f/C- (d1ag(IEILS) - E(Eﬂs)(Eﬂs) ) f
since \y = C'/k. O

Lemma 2. p is a prob. measure on ([Z]), S ~ u, Ay is second largest eigenvalue of P = Uy Dy_1, fo is
the A\o-eigenvector of P, then
Cov(1g)fa = kAydiag(Elg) fo

Theorem 1 (Trickle-Down). Let pgy () = p(S\{i} = - | i € S) is the link measure at {i} on ([Zj]).
Suppose

1. pgy is C-SI for all i € [n], and
2. Pies1 (o1 Prog—1) is ergodic
then u is C'-SI for

Note that C' = 1 implies C" = 1.



Proof. By law of total variance and the key lemma,

Cov(ls) = E[Cov(Ls|u1)] + Cov(E(Lg|uy))

1 . 1
= Ok = DE | -— diag(E(Ls\u, [u1)) — WE[HS\uJUl]]E[ﬂS\uJUﬂT

+ Cov(E(Ls|uw))

= Ok~ DE | ding(B(Lsy 1)) — 5 (EL)(ELs)” + 5(EL)(ELg)”

1
- (k — 1)2E[15\U1 |1 JE[Lg\uy luy]* | 4 Cov(E(1g|uy))

~ Cli - 1 |

2 i 1 diag(E(Lg\y, |u1)) — %(Eﬂs)(Eﬂs)T}

- Ok = VE | = Bl Bl L — 5(E1)(EL)'|
+ Cov(E(Lg|uy))

since 1g = Lg\u, + Ly, then E(Lg\y, [u1) = E(Lg|uy) — 1, thus

E[E(Ls\u [u1)] = E[E(Ls|u1)] — E[L,] = E(Ls) — E(1,,)

E—1
—El
L S

that is E(1s\u,) = (1 — 1) Elg. Since

2
<1 - E) E[1s1§li, i#J
E [ls\ul lg\ul]ij =

then

COV(]ls\ul) =E [HS\ulﬂg\uJ - E[HS\M]E[ES\M]T
(L—%)Eﬁhﬂﬁ—%%dthmﬂ——(I—%> E[Ls]E[Lg]
(1-2) [sl0s18) - Ef1SJERY] +  diog {1

n (1 - %) E[14]E[15] — (1 — %)QE[ME[HE]

(.

= LE[L5]ENY)

= (1 — %) Cov(lg) + %diag]E[]ls] - %E[HS]E[HQ

by law of total variance, we have

Cov(lg) = E Cov(lg|luy) +Cov(E[1g|u])
Cov(Lg\y, [u1)
=Cov(Lg\y, [u1

= E[Cov(Lg\y, |u1)] + Cov(E[Ls|u])



that is Cov(E[Llg|u;]) = Cov(1g) — E[Cov(Lg\u,|u1)], then
Cov(E[Lg\u, |u1]) = Cov(Ls\u,) — E[Cov(Lg\u, |u1)]

— (1-2) Covlts) + § dingElLs] - E{LSIE[LE] ~ EICov(Lawlu)

= 2Cov(1s) + * diagE[Ls] — —E[16JE[1%] + [Cov(Ls) — E[Cov (L |ur)]]

k k k2
= —%COV(ﬂs) + % diagE[lg] — %E[HS]E[HQ + Cov(E[1s|w]) (3)

by equation (2), we have E(1g,,) = (1 — 1) Elg, then

Cov(E[Ls\u, [u1]) = E [E[Lg\u, [t E[Ts\u, [ua]"] = E[E[Ls\u, [ua]|E[E[Ls\u, [u1]7]
= E [E[Lo\u, [u1]E[Ls\u, [u1]"] = E[Lg\u, JE[Lsvu]”]
o 1

[Eftsy sy o] - (1- 1) ElLSJELTS (@)

combine (3) and (4), we have

—ECOV(]ls) + E diag E[1g] — i]E[IIS]IE[]lg] + Cov(E[1g|uy])

k k k2 ,
=K [E[ﬂs\ullul]E[ﬂS\ul|u1]T] - (1 - %) E[HS]E[Hg]
= (k= 1B | s (Bl lBlLalunl”] - EUSENS]  ©)

put equation (5) into equation (1), note that by equation (2)

1 _ 1 .
B | diog( (L u0)] = o ding E [BlLoy o)

1. .
=1 diag E(I1g\y,) = EdlagE(]lg)

then

1
12
Bl ulElLul” - 1 (ELS)ELS)
(k—1)2 ! ! k2

+ Cov(E(Lg|uy))

Cov(Ls) 50(/@—1)E{ L ding(E(Loy ur)) —

E—1 (Eﬂs)(EﬂS)T}

- Clh - 1)E |

— (k= 1) [ diagB(1s) — 1 (EL(ELSY

_ % |:—%COV(15) + %diag E[ls] — %E[RS]E[ﬂg] + COV(E[HSWJ)]

+ Cov(E(1g|uy))



rearrange it, we have

[1 — k(;—fld Cov(lg) = (1 - %) Cov(E[Lg|ui])
+ k;C—kl diag E[1g] — C%E[ﬂslﬂ‘f[ﬂg]

y <1 _ %) Cov(E[Ls|u1))
4_kf}dngmﬂ——CﬁgéggEmﬂEmﬂ

since Cov(E[1g|u;]) < A\aCov(lg), then apply Lemma 2: fICov(lg)fo = kXofd diag(Elg) fo, we have

20 T _ 2¢
[1 — k}(—:| k)\2f2 dlag(E]lS)f2 - |:1 - m

F—1) } f3 Cov(Ls) f

< (1 - k—fl) AofT Cov(Ls) fo

Ck k—2
+ mng diag E[1s] f> — Cmsz]E[ﬂs]E[ﬂg]fz
< CF =3 dingBluslfy+ (1= o7 ) M7 dingElLal

that is
(k—1-0))— (k(k—1) = 2C)\+C(k—-2) >0

assume that A\ < 1, then we have
< Ck—-2) 1
“k-1-C k
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