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1 Gaussian Process

Definition. Let 7" be an index set. A collection of random variables {g: }+cr is called a Gaussian Process
(GP) if for every finite subset S C T, the random vector

9gs = {gt}res
follows a joint Gaussian distribution, i.e.

1

pgs(x) = W exp(—%(x — M)TE—l(x — ,u)) .

Mean-zero GP. A Gaussian process is mean-zero if

Elg] =0, VteT.

Example 1.1: Gaussian Random Walk
Let T'=1{0,1,2,...} and define

t
Xo=0, X,=) Z,
s=1

where Zy, Zs, ... "% N(0,1). Then

t

s SNt
E[Xi] =0, Cov(X;, X;) = Cov (Z Zs, Z Zj) = ZVar(Zi) =sAt.
i=1

i=1 j=1

2 Brownian Motion (Wiener Process)

A Brownian motion {W;};>¢ satisfies:
Wo =0, E[W]=0, Cov(Wy,W;)=sAt,

and the sample paths t — W, are almost surely continuous.

3 Canonical GP over T C R"

Let g ~ N(0,1,) and define

Define
W(T) = E,sup X;.
teT
Then
Var(X,) = E{g, t)*> = (t,t) = ||t]|*>, Var(X; — X,) = ||t — s||*.
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Example 3.1: The Unit Sphere
Let Sy_1:={z € RV : ||z|l = 1}. Then

W(Sy-1) =E, sup (g,z) =E, \9.9)
rESN_1 HQHQ

By Jensen’s inequality;,

Ellgllz < 4/Elgli3 =

Example 3.2: Probability Simplex

N
EZQEZ\/N.
i=1

Let
N+1
Ay = {peR{f": Zpi: 1}.
i=1
Then

W(AN) = Egno,1,) sup (p, 9) = Egonro,1,,) Max g;.
pEA N i<N

4 Theorem
. E sup; g 1
im ——2 = 1.
N—oo y/2]log N
Proof:
Lower Bound. Let € > 0 and Z ~ N(0,1). Consider

P{Z € [(V2—£)/log N, /2 1ogN]} .

Since e~*"/2 > e logN — % for x < /2log N,

1 v2log N 2 1 e +logN
P>— e dy > ev/9logN— = ——
T V2 (e i N B "NT V@ N

Then since Binomial(N , —Vl"]\§N> ~ Poisson(/log N), so

P[Poisson(y/log N) =0 -0 (N — o0),

hence

P{/Hgi € [(V2—e)y/log N, \/210gN]} — 0.

Letting ¢ — 0 completes the lower bound.

Upper Bound. We claim
Erg%{gi < +y/2log N.

Observation: For any a; € R and A > 0,
maxa; < — log E e
i J— )\ - .
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Thus

N
1
Emax g; < —Elog Z eMi <

;) (log N + %/\2).
i=1

> =
> =

N
log Z Ee9i =
i=1

Minimizing over A > 0 gives

A>0

inf (lOiN + %) =+/2log N.

5 Random Energy Model

Setting: x € {£1}", N = 2", and define random variables
E(z) ~N(0,%).

Let 8 > 0 and define
L T - T
pa(z) = € BE(x) Zy = Z o PE()
B rze{£l}m

Then
Elog Z3 = Elog Z e PER@),
ze{£l1}n

To be continued next class.
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